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Abstract 
This paper shows that the link between the pipe leakage and the internal pressure can be represented through the Torricelli 
equation, introducing a correction factor to account for the potential deformation of leak area and hydraulic factors altering the 
coefficient of discharge. The quantities that determine this correction coefficient are identified by the Buckingham S theorem 
combined with an evolutionary technique called Evolutionary Polynomial Regression (EPR). The data necessary for the study 
were drawn from laboratory tests using two different elastic materials (steel and u-PVC), two diameters and two different leak 
shapes, each with different dimensions. The results obtained confirm the validity of the theoretical approach. 
© 2014 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the Organizing Committee of WDSA 2014.  
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1. Introduction 
Defining a relationship capable of linking the leakage from a pipe to the internal pressure head of the pipe itself is 
of considerable importance for the purpose of devising management rules aimed at controlling leaks and limiting 
breakages in water distribution systems. The well-known Torricelli equation, derivable from an energy balance, 
makes it possible to define the link between the leakage Q from a crack, or from an orifice in general, and the 
pressure head h on its centroid: 
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0.5 0.52 2Q QQ C A gh C A g h hD     (1) 
where Q is the leakage from the leak or orifice, CQ the coefficient of discharge (well known to be equal to the 
product between the coefficient of velocity CV - which tends to decrease with increasing lengths of contact of the 
liquid vein with the orifice wall - and the coefficient of contraction Cc of the stream - which tends toward a value of 
one when the orifice becomes a bell-shaped one), A the area of the leak, g the acceleration of gravity. Equation (1) 
shows that the link between discharge from an orifice of fixed geometry and the pressure head can be expressed as a 
power formula, where the coefficient D comprises the coefficient of discharge and the leak area, while the exponent 
takes on a value of E = 0.5. Unfortunately, however, many authors (see, for example, [1]) have pointed out that, at 
the level of district metered areas, the link between leakage and pressure head does indeed have the form of a power 
law, but the exponent varies within a wide interval whose mean value may significantly deviate from the expected 
theoretical value of 0.5. Analogous results have also been obtained in the laboratory, where pipe segments with leak 
openings of different shapes and sizes were used ([2]). 
This “strange” contradiction between what is theoretically expected (E = 0.5) and what is experimentally 
observed (E >> 0.5) can be explained based on the considerations of [3], namely, that the area of a leak in a pipe 
increases with increasing pressure inside the pipe itself. With this respect, [4] show that in the case of a pipe of 
purely elastic material, the area of a leak grows linearly with pressure head, that is, the following relationship 
applies: 
0A A mh   (2) 
where A0 represents the area of the un-deformed leak (under zero pressure) and m is the slope of the linear law 
which links the leak area to the pressure head. By substituting equation (2) into Torricelli’s equation we obtain: 
 02 2Q QQ C A gh C A mh gh    (3) 
This equation clearly shows that the link between Q and h moves further away from Q v h0.5 as the parameter m 
becomes increasingly significant (greater than zero). In other words, equation (3) shows that Torricelli’s equation 
can still be used to represent - where materials with elastic behavior are concerned - the link between the discharge 
from an orifice/leak in a cracked or perforated pipe and the pressure head, provided that a correction is made to take 
account of the leak area. However, a deformation of the leak opening also implies an alteration of the coefficient of 
discharge CQ, which incorporates both the coefficient of contraction and coefficient of velocity. Thus, this paper 
relies on dimensionless analysis of the type developed using the Buckingham π theorem ([5]), supported by 
experimental trials and an evolutionary technique based on the EPR formulation ([6]), to show that the link between 
the leakage from an orifice of a generic shape and the pressure head can be expressed by means of Torricelli’s 
equation once a coefficient has been introduced to correct the product CQA0 in the Torricelli’s equation. 
2. Dimensional analysis and π theorem  
The analysis described below refers to a system consisting of a pipe segment of an assigned length in which a 
crack of generic orientation is made. It is assumed that the pipe segment has a fluid flowing through it at a known 
speed and pressure. The factors that potentially influence the relationship existing between the leakage flow rate Q 
(m3/s) and the pressure p (N/m2) present in the pipe can be ascribed to the following categories: (a) the intrinsic 
properties of the fluid and its state of motion, (b) the pipe characteristics (material and dimensions) and (c) the 
geometric characteristics of the leak opening. The first category includes the density U (kg/m3), dynamic viscosity P 
(Ns/m2), fluid velocity V (m/s) and acceleration of gravity g (m/s2). The acceleration of gravity g is present since the 
motion occurs in a gravitational field. The second category includes the internal diameter D (m) and thickness t (m) 
of the pipe, as well as the intrinsic properties of the material tied to its modulus of elasticity E (Pa) and Poisson’s 
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ratio X (). However, this latter parameter may be disregarded as shown by [7]. Finally, as regards the geometric 
characteristics of the leak opening, these can be summed up in the length a (m), width b (m) and position G (rad). 
The link between the leakage flow rate Q and pressure p in the system considered (or equivalently for an 
underground pipe (see [8]), considering all the previously enumerated quantities, can be summed up by the 
following relationship: 
( , , , , , , , , , , )QQ f p U g D t E a bU P G  (4) 
The objective to be pursued now is to lend a form to equation (4). Structuring and parameterizing the equation 
will be made possible by virtue of experimental tests conducted on a laboratory apparatus that will be described in 
the sections below. However, in order to render the entire structuring and parameterization procedure independent of 
the specific conditions with respect to leak geometry, pipe material and size, fluid and conditions of motion, we 
should express equation (4) in dimensionless form. This can be achieved by applying the Buckingham S theorem 
[5]. The first operation to be carried out for this purpose is to identify three quantities among the 11 included in 
equation (4), which are mutually independent, from a dimensional viewpoint, with respect to the three fundamental 
dimensions Mass, Time and Length. These three quantities are U, g and p and are then used as a basis for rendering 
the remaining eight independent variables of equation (4) dimensionless. Since h=p/Ug, the application of the 
Buckingham S theorem produces the following independent dimensionless variables X1,….,X8 and the dimensionless 
flow rate SQ (see [8]): 
1 2 3 4 5 6 7 8 2
;  ;  ;  ;  ;  ;  ;  ;  Q
h ghD a b t V E QX X X X X X X X
h h h h hgh h gh
G SQ J          (5) 
where, Q  = P/U, kinematic viscosity (m2/s); J = Ug,  specific weight of the fluid (N/m3). These dimensionless 
variables can be reordered and/or replaced by combinations thereof [9], appropriately and arbitrarily selected in 
order to express some more informative quantities, such as the leak area A0 (m2) and hydraulic radius Rleak (m) of the 
leak, thus producing the following dimensionless relationship: 
'
0
, , , , , , ,leakleak leakQ Q
R ghR RQ h b V h
D D a t EA gh gh
JS GQ
§ ·  ) ¨ ¸¨ ¸© ¹  (6) 
It is worth noting that S’Q represents the ratio between the actual rate of flow from the leak and the Torricelli 
discharge, the latter expressed less the coefficient of discharge CQ and the multiplicative factor 2 (cf. eq. (1)).  
Equation (6) can also be written in the following dimensional form: 
0, , , , , , ,
leakleak leak
Q
R ghR Rh b V hQ A gh
D D a t Egh
J GQ
§ · ) ¨ ¸¨ ¸© ¹  (7) 
The function )Q can in turn always be written as a product of a real constant K and a function )’Q of the same 
dimensionless variables. 
' , , , , , , ,leakleak leakQ Q
R ghR Rh b V hK
D D a t Egh
J GQ
§ ·)  ) ¨ ¸¨ ¸© ¹  (8) 
The numerical value of the constant K can be arbitrarily chosen if it is other than zero. Let us thus set the constant 
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K equal to the value of the Torricelli coefficient of discharge CQ multiplied by 2, i.e., 
2QK C  (9)
 
By substituting equation (9) in equation (8) and the latter in (7) we obtain the following: 
0' , , , , , , , 2
leakleak leak
Q Q
R ghR Rh b V hQ C A gh
D D a t Egh
J GQ
§ · ) ¨ ¸¨ ¸© ¹  (10) 
Equation (10) displays a clear formal equivalence with the classical Torricelli equation (1) though it was deduced 
by means of dimensional analysis, unlike Torricelli’s own expression, which instead originated from purely energy 
considerations. Again comparing equation (10) with equation (1) we can deduce that the expression of the D 
coefficient is now the following: 
0' , , , , , , , 2
leakleak leak
Q Q
R ghR Rh b V h C A g
D D a t Egh
JD GQ
§ · ) ¨ ¸¨ ¸© ¹  (11) 
where the function )’Q appears as a term for correcting the product CQA0. This means that with the function )’Q 
we can take account of both the deformation of the leak area caused by the pressure inside the pipe and the 
alterations in the outflow conditions that may result from such deformation. The problem that now poses itself is to 
define an explicit form for the function )’Q. 
3. Laboratory tests 
The test apparatus is composed of a closed-loop hydraulic circuit schematically illustrated in Fig. 1. The working 
point of the pump is determined by the intersection between the characteristic curve of the system and the 
characteristic curve of the pump. The FRV valve is manually set to determine the characteristic curve of the system, 
while adjusting the inverter allows the pump characteristic curve to be shifted according to the rpm of the motor 
(i.e., of the impeller). The possibility of adjusting the characteristic curves of both the system and pump permits the 
execution of properly controlled, easily repeatable tests, in a wide range of working points. 
 
 
Fig. 1. Diagram of the laboratory system used to evaluate leakage from a pipe segment. P1 and P2: pumps; FM1 and FM2: flow meters; p1 
and p2: pressure gauges; t1 and t2 temperature gauges; FRV: flow regulation valve; R1 and R2; reservoirs. 
FM1 FM2
p2p1
t1 t2
R2
R1
P1
P2
test
FRV
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Laboratory tests were performed on 120 cm long pipe segments in which a leak opening (a hole or a longitudinal 
linear crack) was created. The leak dimensions are shown in Table 1. Pipes of two different materials (u-PVC and 
steel) were used and the nominal diameters were DN50 and DN100 for the steel pipes and DN65 and DN110 for the 
u-PVC pipes. The data collected consist of couples Q-h for the different materials, diameters and leak size and shape. 
These couples are shown in Fig. 2 (with reference to longitudinal linear cracks) through black dots together with the 
curves (solid lines and dashed lines) produced by the model of eq. (10) and Torricelli equation, as better described in 
the subsequent sections. 
Table 1. Dimensions of the leak openings (cracks) considered in the experimental tests. 
Holes Longitudinal linear cracks (G=0 rad) 
Diameter (mm) 
(d) 
Thickness (mm) 
(a) 
Length (mm) 
(b) 
4 8 12 3 40 60 80 100 
 
 
Fig.2 Cracks. Model 6 (solid lines) and Torricelli equation (dashed lines) compared with the experimental data (u-PVC DN110). 
3.1. Data processing and results 
The data collected through the experimental tests described in the previous section represent the basis of the 
procedure adopted to arrive at the definition of an explicit form of the function )’Q. These data were processed by 
referring to the EPR (Evolutionary Polynomial Regression) technique recently proposed by [6] which allows for 
avoiding the pre-definition of the form to be given to the function )’Q  (see also [8]). In fact, the general expression 
of the EPR formula here used is given as: 
  , ,tn i 0
i 1
Y F f c c
 
 ¦ X X  (12) 
where Y is the estimated output of the system/process (in the case considered, the leakage flow rate Q), ci is a 
constant value, F is a function constructed by the process, X is the vector of input variables (made up of m = 7 
elements in the specific case), f is a function defined by the user (such as natural logarithm, exponential, etc.), and nt 
is the length (number of terms) of the polynomial (bias c0 excluded, if any) ([6]). 
Given this general formula, EPR allows several pseudo polynomial expressions belonging to the class of Eq.(12) 
to be used. The one adopted in this study is simple and avoids the use of trigonometric functions (since the output is 
not characterized by periodicity) or the natural logarithm (since the output must always be positive): 
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i 1
Y c c X X XJ J J
 
 ¦
 (13) 
During application of the method to the variables Xi, i=1,m the following dimensionless quantities were assigned:  
1 2 3 4 5 6 7, , , , , ,
leakleak leak R ghR Rh b V hX X X X X X X
D D a t Egh
J
Q        (14) 
whereas the dimensional variable Y represents: 
0 2Q
QY
C A gh
 
 (15) 
With reference to equation (10) the coefficient of discharge CQ was assumed to be equal to the standard value for 
the Torricelli’s equation, i.e., CQ=0,61 ([10]), particularly valid in the case of linear cracks under conditions of 
absolutely turbulent motion, thin wall and complete contraction (incidentally this value of CQ is slightly greater than 
that typical for circular holes which is reported in all technical manuals/handbooks as 0.595  - see also, for instance, 
White, 1979). Furthermore, in order that the broadest range of solutions could be investigated, the (maximum) 
number of terms nt forming the model of a pseudo polynomial structure was set equal to the number of independent 
variables, i.e., 0d nt d7, whereas the number of models required of the EPR procedure was accordingly set as 8. 
Finally, the coefficient search interval was set as [0-2], with a search step of 0.001. The result produced by the EPR 
procedure with reference to equation (13) and the set conditions considered was formed by 8 models. Finally, the 
model 6 was selected since the performances improve as we go from model 1 to model 8 but with a “jump” between 
model 5 and model 6, while models 7 and 8 are very similar in performance to model 6, which, however, has a 
simpler structure (see Fig. 3). Further details are given in [8] to which the reader can refer.  
In summary, the procedure described above leads us to define the following model (model 6): 
0.083 0.001 1.118 0.145 0.009 0.011 0.002 0.001 0.011 0.002
1 2 3 4 5 6 7
0
0.042 2.000 1.754 0.5
2 3 4 5 6 7 1 3 5 7 1 2 3 42.6174 35.0296 875.667
' , ,
9
, , , ,
2
leakleak leak
Q
Q
R ghR RQ h b V hXY
X X X X X X X
X X X X X X
D D a t EC
X X X X X
gh
X X
A gh
J
Q
§ · )         ¨ ¸¨ ¸© ¹
 
   61 0.6057
0.086 0.022 0.042 0.004 0.090 0.002 0.063 1.188 0.016 0.004
1 2 3 6 1 2 3 4 6 73.4805 5.5281 34.926
X
X X X X X X X X X X

  
 (16) 
Eq. (16) is capable, on its own, of describing the leakage from orifices of a circular and linear longitudinal shape 
in pipes of material with an elastic behavior: steel and u-PVC (see Fig. 2, solid lines; it is important to observe that 
at equal values of h we may have different values of the velocity V, so that the link Q-h expressed through equation 
(16) is not perfectly univocal with respect to h). Fig. 2 also shows the Torricelli equation as function of h with 
CQ=0.61 (dashed lines). There is a clear difference between the behavior of the Torricelli equation and that of the eq. 
(16) i.e. Model 6. This highlights the importance of the correction coefficient )’Q whose structure, as noted several 
times in the discussion above, allows for the correction of the product CQA0  as function of the pressure head and 
other quantities such as the hydraulic radius of the leak Rleak and the Froude number V/(gh). 
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Fig. 3. CoD, MSE for the model examined (results of the EPR procedure). 
This correction factor )’Q thus incorporates both the effect of the leak’s expansion with increases in the pressure 
head h and the alteration of the coefficient of discharge CQ,, which is connected to purely hydraulic factors such as 
modifications of the coefficient of contraction Cc. The entity of this correction (eq.(16)) is highlighted in Fig. 4, 
which shows the correction factor )’Q. It is given by the equation (16) and is simply expressed as the ratio 
Q/CQA0(2gh) (where Q and h are the measured values in the experiments, A0 is the initial area and CQ=0.61) in the 
case of linear cracks and u-PVC DN 110. Similar results are obtained for the other cases. This figure clearly show 
that eq.(16) well reproduces the behavior of the correction factor values directly derived in each numerical 
experiment.  
It is worth noting that in the case of u-PVC and linear cracks, a clear tendency of the correction factor )’Q to 
move towards one when the pressure head h tends to zero is observed.  
4. Conclusions 
This paper has shown that to represent the leakage from a pipe of elastic material it is possible to use the 
classical Torricelli formula – assuming a coefficient of discharge CQ equal to that of a thin-walled orifice under 
conditions of full contraction – provided that we introduce a correction coefficient )’Q, which takes account both of 
the hydraulic factors that influence the coefficient of discharge itself and the local deformability of the leak with 
increasing pressure. The factors that influence the correction coefficient were identified by means of the 
Buckingham π theorem, which made it possible to link the dimensionless leakage to a number of quantities, all 
expressed in dimensionless form. The final form of this correction coefficient was identified using a particular EPR 
(Evolutionary Polynomial Regression) technique. 
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Fig.4 Cracks. Trend in the correction coefficient )’Q (see eq. 16) (black squares) and in the experimental ratio Q/CQA0(2gh) (empty circles)  
as a function of pressure head (u-PVC DN110). 
The results presented are partial and represent a first step towards a better characterization of the leakage 
behavior. Many other laboratory tests will need to be carried out, taking into consideration other materials (with 
elastic behavior), other diameters and leak openings of other shapes and sizes. Finally, further theoretical 
developments are necessary to arrive at formal equation for the correction factor )’Q. However, in our opinion, the 
significance of the results presented here is clear: it is possible to arrive at a standard relationship to explain the Q-h 
link bypassing the problem (which at this point should be considered misleading) of the value of the E exponent of 
the power law Q=DhE, whose difference from the theoretical value 0.5 is clearly ascribable to the improper 
quantification of the D coefficient. 
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